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Abstract: Providing uninterrupted electricity service aboard the urban trains is of vital importance
not only for reliable signaling and accurate traffic management but also for ensuring the safety of
passengers and supplying emergency equipment such as lighting and signage systems. Hence,
to alleviate power shortages caused by power transmission failures while the uninterruptible power
supplies installed in the railway stations are not available, this paper suggests an innovative
traction drive topology which is equipped by an onboard hybrid energy storage system for
railway vehicles. Besides, to limit currents magnitudes and voltages variations of the feeder
during train acceleration and to recuperate braking energy during train deceleration, an energy
management strategy is presented. Moreover, a new optimal model predictive method is developed
to control the currents of converters and storages as well as the speeds of the two open-end-windings
permanent-magnet-synchronous-machines in the intended modular drive, under their constraints.
Although to improve control dynamic performance, the control laws are designed as a set of piecewise
affine functions from the control signals based on an offline procedure, the controller can still
withstand real-time non-measurable disturbances. The effectiveness of proposed multifunctional
propulsion topology and the feasibility of the designed controller are demonstrated by simulation
and experimental results.
Keywords: onboard UPS; supercapacitors; battery; hybrid energy storages; railway energy efficiency;
reliable energy management; fast model predictive control; multi-motor drive system
1. Introduction
The sustainable development of urban public transport has been considered as an important
necessity for achieving environmental protection, viable economy, and social equity goals [1]. Today,
electric trains and trams (ETs) are well known as a practical solution to meet these identified demands.
To realize more eco-friendly railway systems and to improve the fuel economy account, there has
been a global trend towards introducing renewable energy into railway power systems [2]. Although
the electricity generated from these sustainable resources is the most reliable and clean energy carrier,
the availability of natural-energy based power from wind and solar is usually intermittent, due to the
variable nature of climate conditions and solar radiation. At present, energy storages (ESs) have been
considered as a solution for matching the fluctuating power of these natural resources to the changing
demand of the railway tractions [2]. Besides, these facilities can be advantageous to make maximum
use of such energy sources by storing the regenerative braking energy of the ETs into the ESs, for the
sake of power peak shaving. Therefore, as the ESs contribute significantly to reduce the peak power
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demand and improve energy efficiency, their application is closely associated with both financial and
environmental sustainability goals [3].
On the other hand, the sustainable railway development depends on proper reliability for its
power supply system. This is because any failure in this system not only can affect the operation of
trains and the railway infrastructure [4] but also may have a wider adverse impact on other sectors such
as supportability, health, and politics [5]. The reliability of railway power supplies may suffer from
different forms of power disturbances, such as blackouts and outages, overvoltages, and brownouts,
as well as frequency variations and voltages harmonics [6]. An effective way for the ETs feeding
systems to improve their power availability and to achieve higher levels of resilience is the option
of adding redundant energy sources with fault-tolerant parallel and distributed architectures [7].
Thus, to avoid trains service disruptions during main power disturbances or wayside subsystem
isolations, onboard auxiliary power supply (APS) is one of the key equipment for the railway trains [8].
Besides, the onboard ES facilities can be combined with or individually serve as multi-beneficial
APS, to provide continuous and adequate electrical power to the train tractions in different operation
conditions. Therefore, in addition to their great impact on the system reliability of the train power
supplies, the APSs could also have a positive impact on the sustainability of railway services.
As a result, for the sustainable and efficient transport development, employing both ESs and APSs
on board the railway vehicles, is now essential to keep the ETs moving safely, promptly and efficiently
(The list of all acronyms used in the text is presented in Appendix A).
1.1. Onboard Energy Storages
Many modern railway systems are equipped with bidirectional substations that have the ability
to capture the recuperated braking energy from a decelerated train through the third rail or overhead
catenary [9]. Then, instead of dissipating it in the vehicle brake resistors, the recovered energy can
be fed back into the other nearby accelerating trains or can be stored in the stationary energy storage
(ESs) for the later use. Besides, if a fault occurs in the supply network, those substations which are
facilitated by the ESs, can serve as uninterruptible power supplies (UPS) to provide the required
power for ETs tractions, ensuring zero downtime for the railway systems. Apart from such wayside
UPS systems, most railway power substations are also protected by redundant resources, such as
independent backup diesel generators. However, when an unexpected fault occurs in the third rail or
overhead line installations (for instance: The breakage of an insulator, a catenary wire, or a contact
cable), the availability of those emergency power supplies will be severely limited and might not be
feasible for a period of time. Therefore, equipping railway vehicles with onboard ESs seems to be a
more reliable solution, since it offers more energy-saving potential and the important advantage of
being more fault-tolerant. Most importantly, during failures in the power system lines or a blackout,
the energy stored in the onboard ESs can make it possible to move the ETs to the nearest railway station
for evacuating passengers from the stalled vehicle, especially when it sticks in a tunnel, without the
need of external power supply.
This technical solution, which can be considered as an auxiliary UPS aboard the ETs, is also
applicable to either the older electric railway systems which still have unidirectional diode-bridge
rectifier substation or the other railway systems with diesel-electric multiple unit (DEMU) tractions.
In the older substation, the peak and inrush currents from the supply system will be considerably
limited (to almost 50 percent of the line current, as reported in [10]) by managing the charge and
discharge process of the ESs, during acceleration, coasting, and braking of the train. Then, the released
power capacity can cause a significant increase in the reliability of the transmission lines, and it
might assist in the infrastructure development, for instance: increasing the length of existing trains,
or reducing the time interval between the trains on the existing routes. Adding the ESs to the
DEMU tractions, in addition to increasing overall reliability, can cause the diesel power to be reduced
significantly, thereby reducing energy consumption and emissions [11]. Besides, the onboard UPS
makes it possible to turn the diesel engine off temporarily, for example, at the stations and the tunnels,
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which makes the DEMU tractions more flexible and allows them to be used in the new applications.
Equipping a train with such auxiliary UPSs will require some space on the roof or floor [8] and increase
the weight by about 2% [10]. Nevertheless, instead of stationary ESs, which are centralized in the
substation, onboard ESs are distributed among the trains, thus reducing the space and cost allocation in
the urban substations. Furthermore, since this equipment can save energy about 30% to 50% annually
with regard to the different technologies, their installation costs would be recovered after three years,
on average [10].
Among various ESs technologies, supercapacitors (SCs) have been more used as the onboard ESs
in the propulsion systems with regenerative braking operation, due to their higher power density and
longer lifetime [12–14]. On the other hand, since the backup energy of UPSs is mostly required in the
emergency conditions, batteries are fundamental to UPSs, as they have competitive advantages in
energy density and cost-effectiveness [15]. Therefore, a combination of SCs and batteries as a hybrid
ES system can significantly increase both performance and reliability of the ET propulsion system,
by using the stored energy of the SCs when the railway supply system is under normal operation and
providing emergency power to the propulsion system and the critical loads from the battery storages,
in the case of fault occurrence. In this case, the energy management among the propulsion machines,
the traction feeder, and the hybrid ES system, can be applied through the drive converters. On the
basis of the technological progress in the traction drive topologies and their control techniques, several
configurations for the ETs propulsion systems integrated with the ESs, have been investigated [13].
1.2. Propulsion System Topology
Electric propulsion systems can be categorized into two general types of single-machine propulsion
systems and multi-machine propulsion systems. By using the single-machine type, the traction machine
will be very large, and when the power requirement is low, the machine has to be working in either
low-speed condition or low torque condition. On the other hand, a multi-machine drive (MMD)
system is composed of two (or even more) small machines. Then, it can effectively share the load
torque between the machines to avoid low-efficiency machine operation [16]. For example, when the
power requirement is low, it can use a smaller number of its machines so that their maximum operating
efficiency can be achieved. Moreover, this intrinsic redundancy of the MMD can be used to mitigate
some effects of machine faults or converter failures [17]. Therefore, compared to the single-machine
type, the MMD has better efficiency characteristics and higher reliability for the ET applications.
The most common MMD configurations being used in the railway tractions are based on
two or more parallel-connected induction machines (IMs), which are supplied by one high-power
converter [16,17]. In such a single-converter scheme of the MMD, some resources can be shared,
and some power electronics and control parts can be removed, resulting in the reduction of cost, weight,
and dimensions of the electric drive installation, in comparison to the multi-converter ones [16–18].
The efficiency of this topology can be more improved if the IMs are replaced with the Permanent
Magnet Synchronous Machines (PMSMs) [19]. Since PMSMs allow the use of electric braking without
requiring fully rated mechanical brakes for emergency use, this technology is currently in operation
mostly for high-speed rail applications. However, driving parallel-connected PMSMs by the MMD
having a single-converter topology leads to disruption of independent flux and torque control, because
the same voltages and power switches must be applied to all machines [16–19]. In consequence,
not only the load sharing cannot be accurately accomplished, but also a slight speed difference among
the PMSMs (e.g., due to a small inequality of the wheels perimeters) causes an accumulative phase
difference between angular positions of the machines, results in the desynchronization of them.
In the case of open-end winding (OEW) configuration, an OEW-PMSM can be powered by two
separate converters [20]. The one that is connected between the winding-starts of the machine and
the DC feeder is called F-converter, and the other which is attached between the winding-ends of
the machine and the SC storages aboard the train is named S-converter in this paper. The flexibility
of this configuration to supply machine windings from both two sides allows a variety of power
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flow control schemes that can be utilized to exchange energy between machines and the hybrid ES
system [21]. Moreover, when multiple OEW-PMSMs are driven by an MMD system, one High-Power
F-converter (HPF converter) can take the place of multiple F-converters. This HPF converter will
be connected to the same sides of the windings in the traction machines. Then, the phase angles
between the voltage vectors applied to the windings of each OEW-PMSM can be regulated by the
S-converter, to which it is attached, independently of the others [22,23]. However, on the contrary,
S-converters cannot be replaced with one high-power S-converter, since the F-converters have to be
disabled during regenerative operation. Moreover, PMSMs cannot be connected in parallel with each
other through the high-power S-converter during generator mode, due to the different situations for
the adhesions and the slips that are between the wheels and the rail during train barking. Hence, this
paper proposes that an OEW-PMSM, in combination with its own S-converter, which is attached to an
SC bank, takes the place of each IM in an existent parallel-connected IMs based MMD in the existing
train bogies, as shown in Figure 1a,b.
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proposed hybrid-ES based MMD, including two open-end winding Permanent Magnet Synchronous 
Machines (OEW-PMSMs) which are attached to the S-converters having supercapacitor (SC) banks in 
their DC-links, in addition to the SCs voltage regulator (SVR) circuit, all being replaced with the two 
IMs in the parallel-connected IMs based MMD system of (a). The blue areas contain the newly added 
power electronics and SCs, compared to the old green areas. 
The machines can be upgraded only by replacing their old squirrel-cage rotors with new 
dedicated permanent magnet rotors without any changes in their stator structures and windings, at 
a minimal cost [23]. This restructuring enables the older ETs, which are currently in operation, to 
generate more propulsion power with an optimum efficiency over a wide speed range, resulting in 
more reliable transportation service. Furthermore, the battery circuit of the onboard UPS can be easily 
added to the suggested drive circuit to form the hybrid ES based propulsion system. Therefore, when 
the mains power fails or if input voltage fluctuations cause disturbing effects on the supply 
subsystems, the required traction energy can be provided immediately by the batteries, and then the 
train can continue to operate, although the control center will be alerted of these power source 
changes. Besides, to produce the required tractive torque during an emergency startup in such 
Figure 1. The circuit diagrams of prolusion systems with auxiliary onboard uninterruptible power
supplies (UPS) in a railway traction bogie: (a) The diagram of a conventional traction multi-machine
drive (MMD) including two induction machines (IMs) and a shared converter, (b) the diagram of
proposed hybrid-ES based MMD, including two open-end winding Permanent Magnet Synchronous
Machines (OEW-PMSMs) which are attached to the S-converters having supercapacitor (SC) banks in
their DC-links, in addition to the SCs voltage regulator (SVR) circuit, all being replaced with the two
IMs in the parallel-connected IMs based MMD system of (a). The blue areas contain the newly added
power electronics and SCs, compared to the old green areas.
The machines can be upgraded only by replacing their old squirrel-cage rotors with new dedicated
permanent magnet rotors without any changes in their stator structures and windings, at a minimal
cost [23]. This restructuring enables the older ETs, which are currently in operation, to generate more
propulsion power with an optimum efficiency over a wide speed range, resulting in more reliable
transportation service. Furthermore, the battery circuit of the onboard UPS can be easily added to
the suggested drive circuit to form the hybrid ES based propulsion system. Therefore, when the
mains power fails or if input voltage fluctuations cause disturbing effects on the supply subsystems,
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the required traction energy can be provided immediately by the batteries, and then the train can
continue to operate, although the control center will be alerted of these power source changes. Besides,
to produce the required tractive torque during an emergency startup in such conditions, the SCs can
effectively assist the drive system in providing the starting currents of traction machines, As a result,
not only the propulsion system reliability but also the energy efficiency of regular ETs can be enhanced
by implementing proposed restructuring strategy, as the advantage of both PMSMs with more power
conversion density and the hybrid ESs comprising batteries and SCs can be taken. Furthermore,
this topology can offer both the ability of the electric regenerative braking and multilevel operation
that can increase the MMD functionality.
To control both speed and currents of each OEW-PMSM in the proposed MMD, an offline design
in a cascade structure is provided for the control unit, which is planned based on the model predictive
control (MPC) method.
1.3. PMSM Drive Control Based on Model Predictive Method
Due to recent advances in real-time signal processing, various methods of MPC have been
developed and successfully applied to electric machine drive systems. The finite-set MPC technique
uses a limited number of voltage vectors to evaluate the cost function. In general, some benefits of this
approach are the simplicity of the design process, no need for voltage modulator, online relatively
optimization, and simplicity in managing constraints and nonlinearities of the system [24]. However,
the obtained voltage vector cannot result in an absolute minimum value of the cost function, even with
a long calculation time or high switching frequency. Besides, system constraints do not effectively
affect the process of designating a voltage vector as the control signal [25].
In another approach, the cost function is calculated through an optimal control method by
considering the system model, system initial conditions, and some constraints on control variables
and inputs [26]. Hence the control signals can be obtained as a continuous and precise analytical
function. However, real-time solving of optimal control problems is time-consuming and results in a
high volume of computation over each sampling time interval. In this regard, reference [27,28] used an
optimization window to solve the constrained optimal control problem. The necessary condition to get
an answer in this way is the reversibility of the Hessian matrix in each prediction horizon, whereas
the calculation and evaluation of this matrix increase the computing time. Additionally, system
constraints are examined after calculating the control signals in each control horizon, and by applying
receding horizon control, this increases the probability that control signals exceed the constraints of the
drive system. To solve these problems, researchers calculated the value of the Hessian matrix at the
steady-state condition, though no optimal performance is observed in transient conditions.
In references [29,30], the active set method and the Hilderth’s method have been used in the
PMSM drive system, to solve the online optimization problem, which both require considerable time
to identify the active constraints. Recently, Bemporad et al. had presented the explicit linear quadratic
optimization method for solving a constrained optimal control problem, in which the offline control
signals are determined based on the position of control variables in the state-space polyhedron as a
set of piecewise affine functions of the state variables vectors [31]. In this method, the trajectory of
control variables is designed as a map, depending on the initial condition and the final state values
of the system, so that this map leads to an optimal control path. Although, with any change in the
steady-state conditions, the map will no longer be optimal. Reference [32] has applied this mapping
method to control the speed of a PMSM in no-load conditions and showed that the computational
speed can be greatly improved, however, under the predetermined conditions. In another application
reference [33] used a trajectory map as a part of the cascaded control process to eliminate the offset
error caused by the current sensors in the speed control of PMSM. Since finding control variables
in the polyhedron is a time-consuming process, reference [34] provides some fast search strategies,
although because of increasing the vector dimensions of control variables, determining the active area
conditions in the polyhedral state-space will be more complex.
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This paper presents a comprehensive algorithm for designing speed and current controllers of
the proposed drive system with a cascaded structure in which the speed controller is performed
based on the optimization window technique, and the current controller is designed on the basis of
the Pontryagin maximum principle. These designs are not just for steady-state conditions, and the
system constraints are also particularly effective in the process of generating control signals. The main
novelty of the proposed algorithm is to generate control signals offline, and as a set of linear functions
from the state variables and inputs, while the need for solving online optimization problems to find
the optimal voltage vectors for the traction machine is eliminated. Therefore, the required memory
size can be reduced to its minimum, and the microprocessor execution speed can be improved to its
highest, which results in a lower level of online complexity and higher controller reliability. Moreover,
the constraints on control signals can be checked separately to prevent the controller from mutual
interferences, thus bringing significant savings in computing time. The feasibility of the control process
in the real working conditions is vitally important. Therefore, the necessary and sufficient condition
for generating control signals by the planned algorithm is also presented analytically.
2. The Proposition of Modular MMD with Embedded UPS
Figure 1 illustrates the simplified circuit diagrams of both conventional and the suggested MMD
systems with the UPS functionality. The suggested propulsion system of Figure 1b is easily expandable
from both supply and storage sides, and it can be extended with more than two machines and
developed by different machine types. Thus, it can be restructured as a coordinated multi-bogie
propulsion system with a shared battery bank for the most electric railway wagons (and also for the
DEMU locomotives), as it is shown in Figure 2. However, for the simplicity of description, a traction
bogie with two similar open-winding surface-mounted PMSMs are considered to drive, in this paper.
In such a traction bogie, each machine can be powered uninterruptedly by either the main feeder,
the attached SCs, or the onboard battery backups, depending on the voltage values of these sources
and the traction power demand situations.
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2.1. The Power Management Method
As long as the wayside supply system works under normal conditions and the voltage of the
transmission line is stable, the PMSMs are powere from the wayside power system, although in such
conditions, the SCs can be used for the peak power assist. To balance the voltages of SCs, a bi irectional
double-switc SC-voltage-regulator (SVR) is designed, by which each SC can be linked to the shared
DC-link individually through its series inductor. Given the circuit structure of Figure 1b, the upper
switch in the SVR circuit a justs the voltage of the lower SC and vice versa, by applying a straight
pulse width modulation (PWM) method, as a combine double DC-DC power converter. Besides,
the backup batteries can be charged from the common DC-link through another bidirectional DC-DC
converter (BDC), which has an additional power diode. This diode is connected bet een the positive
input and the positive output terminals of the BDC, in a way that when the common DC-link voltage is
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below the battery bank voltage, the discharging current of batteries can directly flow through it while
the diode is in forwarding bias.
The voltage levels of the three sources, i.e., the input feeder, the SCs, and the batteries, are set to
be different from each other since their voltage levels determine which of these can feed the traction
machines, through the three DC-AC converters. The supplying current flows from that source, which
has the highest voltage level to the DC-AC converters of the traction drive. Hence, the reference
voltage of the battery bank is considered to be under the minimum acceptable voltage level of the
shared DC link. The voltage discharge ratio of the SCs is typically chosen to be about 50%, to utilize
almost 75% of their stored energy. In some applications, this ratio is maintained higher than 50% for
efficiency reasons, however in a hybrid ES configuration, the higher voltage discharge ratio of SCs
results in the lower usability and functionality of the backup batteries. Hence, the reference voltage for
the battery bank can be considered about 50% of the nominal voltage of the railway supply system,
whereas the maximum voltage for the SCs can be defined by about 150% of the main supply voltage.
For example, suppose that the voltages of SCs are higher than the other sources, e.g., due to a previous
brake recovery charging action. Subsequently, they connect to the common DC link via the upper and
the lower power diodes in the SVR. Thus, during the acceleration period of the train, the higher power
for more tractive effort can be provided by the SCs. Then, after the starting acceleration, when the
voltage level of SCs reaches the input feeder voltage, the traction load is automatically transferred to
the main power source. In addition, if a power shortage occurs suddenly in the supply network or in
the input feeder, again, the SCs can provide the traction power until their voltages are more than the
voltage of the battery bank. In such a situation, if the period of the power outage is so long that the
SCs voltages are reduced below the voltage value of battery bank, the power diode in BDC moves
to the forward bias condition, and therefore, the lower voltage of battery bank appears across the
common DC link spontaneously. During this situation, the BDC, which is a bidirectional converter,
can also boost the battery voltage to compensate undesirable voltage drops and to maintain the voltage
of DC-link at an acceptable level under different loading conditions, while in the period of boost
operation, the power diode in the BDC switches to the reverse-biased naturally.
Each of these two machines can be supplied either by the shared high-power feeder-connected
converter (the HPF converter), by its own SC-storage-connected converter (the S-converter) or from
both sides through these two converters, depending on the difference between the angular rotor
positions of the two machines. Each DC-AC converter module can be simply implemented by using a
standard three-phase voltage source inverter (VSI) topology. All these VSI are supported by the main
DC feeder, which is supplied by the wayside transformer-rectifier substation through the catenary
wire or the third rail. However, only the S-converters have the duty to convert the recuperated energy
to the stored energy in their SCs during braking and deceleration. Therefore, these converters must
have the ability to work in bidirectional power mode, while the HPF converter only operates in the
unidirectional power mode, although each of them has its own power rating. Since the HPF converter
must have the ability to deliver full propulsion power to all traction machines simultaneously, it must
be capable of withstanding the full driving currents in the worst operating conditions. The current
rating for each S-converter is determined with regard to the maximum current stresses of the machine
to which it is connected, whereas, the current rating for each S-converter is determined with regard to
the maximum current stresses of the machine to which it is connected. Furthermore, the voltage rating
of each converter can be decided based on its DC side voltage, i.e., their voltage ratings are 150% of the
input feeder voltage.
The DC-link of each S-converter is directly coupled to its own SC, and when the SVR switches are
turned off, both SCs are in series together and the charging current path is deviated to them through
the middle power diode in the SVR circuit. In case of being more than two S-converters (for an MMD
system with more than two machines), the SVR circuit can be easily expanded, or a combination of
series-parallel connected SCs and batteries can be used to configure the hybrid ES bank. The SCs can
support the peak power requested by the machines during start-up and acceleration states from the
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absorbed braking energy of train deceleration. Consequently, the inrush currents from the feeding
system can be significantly reduced in the accelerating durations. The demanded power from the SCs
can be directly injected to each machine through its S-converter, or it can be first transferred to the
HPF converter through the SVR switches. Accordingly, in order to ensure that the active converters
continuously perform their complementary functions well, the SVR circuit can manage the power
flow between the supplying DC-link and the S-converters DC links in different operational states by
providing proper switching action. In addition, the charging processes of the backup batteries at a
constant current can be controlled by the BDC module independently based on their charging states.
2.2. Supplying Critical Devices Aboard the Train
To enhance the reliability of the power path to the critical items, including sensors and control
devices, fire protection and emergency lights, and radio communications and signaling operations,
they can be galvanically isolated from the common DC link in the power circuits through an additional
dual-active-bridge (DAB) converter. This extra converter enables the voltage ratio adjustment for the
sensitive loads as well, during different operational conditions of the drive system. This function is
very important, especially when the voltage of batteries fluctuates, e.g., due to one or both motors
being loaded in the absence of the main power supply. Moreover, a redundant DAB converter that
directly connects some backup critical components to the batteries is recommended to eliminates
potential single points of failure at an unlikely fault event in the drive converters. Through such a
redundant interface, the emergency power can be activated for critical loads immediately by switching
from the main supply system to the battery energy storage, directly and without interposed circuits.
2.3. Extraction of Reference Voltages for DC-AC Converters
In the example traction drive of Figure 1b, the DC voltage across the common DC link is defined
as vdcc and the DC voltages across the SC-links that are connected to the S-converters of 1 and 2 are
expressed as vsc1 and v
sc
2 , respectively. Owing to the existence of middle power diode in the SVR circuit,
it is clear that the following inequality holds true, spontaneously:
vdcc ≤ v
sc
1 + v
sc
2 , (1)
Moreover, by applying proper switching patterns to the SVR switches, the values of vsc1 and v
sc
2
are expected to be equal to each other in all conditions. It should be noted that both vsc1 and v
sc
2 can
increase by more than the input feeder voltage of vdcin , because they will be amplified under regenerative
braking conditions. The maximum DC side voltage of the three DC-AC converters, i.e., vdcc , vsc1 and v
sc
2 ,
is considered to be increased up to 1.5vdcin , since the maximum charge-discharge ratio of SCs is allowed
to reach 50%. Furthermore, it is presumed that both machines have identical ratings, and all converters
have similar circuit topology with the same voltage ratings. Each machine coil is powered by two
VSIs with an angle difference between their voltage vectors, and therefore, the current vector of the
machine coils cannot be at the same phase angle as their voltage vectors of these two converters, at the
same time. Hence, providing reactive power is essential for both S-converters. Although the average
voltage level of an SC might not be affected by the amount of reactive power provided by its own
S-converter [35], this power component can cause voltage fluctuation especially during high current
demand at acceleration or braking periods. In such situations also, the SVR circuit can be used to tackle
this problem and eliminate the AC side resulting harmonics. As a result, since the SVR switches can
regulate the voltage of SC-links in different operational states, voltages of all machine windings can be
adjusted through the two side converters, independently of each other.
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The diagram of voltage vectors and current vectors for all AC parts in the sample MMD circuit of
Figure 1b is shown in Figure 3. Given this diagram, the voltage vector of
→
vmx which is for the windings
in the traction machine of x (x = 1 and 2) is equal to:
→
vmx =
→
vHPF −
→
vsx (2)
wherein this equation,
→
vHPF represents the AC side voltage vector of the HPF converter, and this vector
is taken as the reference vector of the drive system. In addition,
→
vsx stands for the voltage vector of the
S-converter, which is coupled to the machine x.Sustai ability 2020, 12, x FOR PEER REVIEW 9 of 30 
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In synchronous rotating reference frame, and at the angular speed of ωs these vectors can be
expressed as follows:
→
vmx =
[
vmxq
vmxd
]
,
→
vHPF =
[
vHPFq
vHPFd
]
,
→
vsx =
[
vsxq
vsxd
]
, (3)
wherein Equation (3), vkd and v
k
q represe t d- xis and q-axis components for he v ltage vector of
→
vk.
Due to the possible difference in the a gular position of the two rotors, the tracti n machine may
not have id tical voltage vectors, even with equa to ques and speeds. Further ore, a very slight
speed difference is inevitable because of any p ssible trifling diff renc betwe n mechanic l power
transmis ion systems of the two machines or moving of a defective wheel in the bogie with a min r
different speed nd axle load. Thus, th angle differe ce betwee voltag vectors f the wo
machines (δm) m y be varying during every running con tion. Non hel ss, these variations in the
angles differ nce are not fast enough to cause a frequency difference between the HPF converter and
the S-converters. This circumstance can be expressed as follows:
d
dt
δm <
4π
P
(4)
where P is the number of poles and δm is in radian. Therefore, the duty of feeding active power
to a traction machine may alternate between the attached DC-AC converters on both sides of that
machine. To determine the voltage vector of each converter, at first the voltage vector of
→
vmx for its
connected machine is calculated based on its load torque and its reference speed, as described in the
control section. Then, the reference vector of
→
vHPF is considered to be in parallel with, and in the
same direction as the interior angle bisector of vectors
→
vm1 and
→
vm2. Afterward, the voltage vectors
of
→
vs1 and
→
vs2 are decided to be perpendicular to the
→
vHPF in such a way that they are at a straight
angle to each other. As a consequence, the propulsion power can be evenly balanced between the two
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machines. Actually, the S-converters regulate the torque angle (the angle between the stator and rotor
fields) of their connected machines to the proper value, so that the mechanical load can be divided
equally between them. Besides, the amplitudes of
→
vHPF and each
→
vsx can be obtained from Equation (2),
even though they also may be modified based on the active and reactive powers regulation process by
the drive control unit. The output voltage of the drive converters is adjusted by the voltage divider
(VD) block in the control unit, based on the abovementioned philosophy.
The main objective of the MMD system is the torque and speed regulation of the traction machines
in response to the operational commands and signals from the train control systems. It can be achieved
by managing the flow of power through the MMD drive converters, as described in the next section
in detail.
3. Energy Management Strategy
Different operation conditions of the suggested MMD system can be separated into four states.
The propulsion system can generate low and high constant speeds, acceleration, and regenerative
deceleration. The practical operation of the drive system might be complex, but it is a combination of
the aforementioned four states. These operating states can be defined as follows:
3.1. Soft Acceleration at Motoring State
This operating state is selected during the normal run and slow accelerations of the train when
the required power for both traction machines is below the power limit that is planned for the main
DC feeder (pinmin). In this state, the SCs are neither absorbing nor providing active power to the traction
machines, although, these capacitors can be exploited for delivering requisite reactive power to the
traction machines. Therefore, both SVR switches are off, and the SCs links disconnected from the
common DC link. Since the SCs voltages are higher than the voltage level of the backup batteries,
the power diode in BDC is reversely biased, and no energy flows from batteries to the AC-DC converters,
unless a power interruption happens in the input feeder. In such circumstances, both SVR and BDC
circuits will be activated and provide the traction power based on the described strategy.
Moreover, in the low power condition, it will also be possible to involve only one machine (or a
smaller number of machines in case more than two machines are employed) while the other machine
is disabled by its S-converter. Implementing such a split traction control in the low power periods lets
the active machine be more energy-efficient, and then the overall efficiency of the MMD can improve.
3.2. Fast Acceleration at Motoring State
This operating state is decided during the train start-up and rapid acceleration when the traction
machines require a power amount higher than the pinmin. During such boost starts, the SCs can assist
in providing more power to fulfill the requested peak power by traction machines to avoid high
power transient demand from the main power supply, preventing high inrush currents from the
supplying-rectifier substation. In such conditions, machine windings can absorb both active and
reactive powers from the two connected converters on their sides.
Besides, with a proper phase-shift in the switching carrier signals of those converters, an equivalent
doubled switching frequency can be achieved to reduce the current ripples, to keep the high-current
switching-harmonics at an acceptable level. Furthermore, during the power interruptions, both SCs
and batteries can provide the traction power, however, with a bounded acceleration and an optimal
speed trajectory.
3.3. Regenerative State
In the duration of train deceleration or braking, only the S-converters are modulated to restore the
converted kinetic energy coming from the traction machines to their connected SCs. To prevent any
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voltage fluctuations on the common DC link or on the feeder side, no energy is returned to the supply
side in this period, by turning the SVR switches off.
When continuous regenerative braking is needed, to make sure that the voltages of SCs are within
the safe operating range, the BDC operates in buck mode simultaneously, to transfer the excess energy
from the SCs to the batteries. Nonetheless, to extend the life of batteries, and to increase the accuracy of
battery state-of-charge estimation, it is recommended that when designating the hybrid ES components,
they are properly sized to prevent such situations.
3.4. Neutral Moving and Stop States
In the period of stop mode, when no energy conversion is needed to be performed by the
traction machines, no converter is required to commutate. However, to prepare the SCs for the next
starting acceleration, the charging state can be enabled for them in this duration, through the SVR
switches. Besides, during normal train run, the charge management and the voltage stabilization of
the ES components can be accomplished by the SVR and the BDC circuits, independent of machine
windings currents. Since the balancing energy can be directly conveyed between the DC feeder and
the ES components, without drawing any zero sequence currents through the machine windings,
the power losses in the motor windings are reduced, and the machine magnets are protected from
demagnetization [36].
4. Proposed Methodology for Speed and Current Controllers
A model-based optimal control method for the real-time speed regulation of each PMSM is
proposed in this section. The goal of this control strategy is to provide an optimal amount of torque
that allows driving each PMSM at the desired speed profile, as required by the train control system
while satisfying both voltage and current constraints. As presented in Figure 4, the architecture of the
proposed control method consists of an outer loop that controls the mechanical dynamics and an inner
loop that regulates the electrical components of each machine. The current constraints are checked
in the outer loop by limiting maximum torque that can be produced by each machine, and voltage
constraints are considered in the inner loop based on voltage requirements and limitations for each
converter. Therefore, the voltage and current constraints can be separately evaluated and satisfied, and
then the performance of the controller is not affected by mutual interferences between them.
4.1. Mathematical Modelling of OEW-PMSMs
A brief overview of the mathematical model for the three-phase open-end-wiring PMSM with a
sinusoidal winding distribution on the stator and a number of permanent magnets on the rotor, in the
synchronous rotating frame, is presented in this part.
The electrical equations for this machine can be expressed as follows:
d
dt
[
imxq (t)
imxd (t)
]
=
[
−
rs
L −ω
mx
r (ti)
ωmxr (ti) −
rs
L
][
imxq (t)
imxd (t)
]
+
[ 1
L 0
0 1L
][
vmxq (t)
vmxd (t)
]
+
 −ψ fL0
ωmxr (ti) (5)
where Ld and Lq are the stator inductances in (H) on the d-axis and the q-axis respectively, rs is the
stator resistance in (Ω), and ψ f is the magnetic flux produced by rotor magnets in (Wb). These constant
values are the same for both PMSMs. In addition, ωmxr is the electrical rotor speed in (rad/s), imxq and
imxd are the stator currents in (A) and v
mx
q and vmxd are the stator voltages in (V), on q-axis and d-axis
respectively, for the machine x (x = 1 and 2). The mechanical dynamics of each machine can be
described by the following equations:
d
dt
(ωmxr (t)) =
2
pJ
(
Tmxe − T
mx
L
)
−
Bm
J
ωmxr (t), (6)
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d
dt
(θmxr (t)) = ω
mx
r (t), (7)
where θmxr is the rotor position in (rad), as well as TmxL and T
mx
e are the load and electrical torques
in (N·m), respectively, for the machine x. Moreover, p is the total number of poles, J is the inertia
coefficient in (kg.m2), Bm is the coefficient of viscous friction in (N·m.s). These constant values are the
same for both PMSMs as the two machines are identical. In addition, the electrical torque Tmxe , which
is consists of the electromagnetic and the reluctance components, can be written as follows:
Tmxe =
3
2
p
2
(
ψ f +
(
Ld − Lq
)
imxd (t)
)
imxq (t), (8)
The effects of core saturation and cogging torque are neglected, and it is assumed that the magnets
are mounted on the surface of the rotor, therefore Ld = Lq = L.Sustainability 2020, 12, x FOR PEER REVIEW 12 of 30 
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4.2. Current Predictive Control
To design current predictive control, the state-s ace odel of Equation (5) is used. Then let us
rewrit Equation (5) as the foll wing equations:
d
dt
XmxI (t) = A(ti) X
mx
I (t) + B U
mx
V (t) + D ω
mx
r (ti), (9)
XmxI (t) =
[
imxq (t) imxd (t)
]T
, (10)
UmxV (t) =
[
vmxq (t) vmxd (t)
]T
, (11)
where XmxI (t) and U
mx
V (t) are the state vector and the control signals, respectively. The speed variable
of ωmxr (ti) is the rotor speed which is measured as the state feedback at the time of ti , and the control
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signals are designed to drive the machine from its current condition at ti to the desired condition at
t(i+1). During this tiny time interval, ωmxr is assumed to be constant, then the control signals can be
matched in the state-space model of the machine x, in this duration.
The feedback controller is intended to force the actual machine currents to track the current
references, with the lowest required voltages provided by related converters. Hence, the following
performance index is constructed to minimize with respect to Equation (5), as:
JI = min
UmxV
{1
2
[(
XmxI
(
t f
)
−XmxI
∗
)T
Q f
(
XmxI
(
t f
)
−XmxI
∗
)
+
∫ t f
ti
[(
XmxI (τ) −X
mx
I
∗
)T
Q
(
XmxI (τ) −X
mx
I
∗
)
+ UT(τ) R U(τ)
]
dτ
]
} ,
(12)
τ ∈
[
ti , ti + t f
]
, (13)
in which the t f is the final time of the prediction horizon, and XmxI
∗ is the desired value of state variables
at t f . The weight matrices of R, Q and Q f are chosen so as to be diagonal and positive definite. These
matrices can be tuned based on the designer’s experience or by using constructive techniques [37].
To find the desired voltage vector of UmxV (t), the above optimal problem is solved based on
the Pontryagin maximum principle [38] as described in Appendix B. Then, by applying necessary
optimality condition, first-order state equations are:
d
dt
[
imxq (t)
imxd (t)
]
=
[
−
rs
L −ω
mx
r (ti)
ωmxr (ti) −
rs
L
][
imxq (t)
imxd (t)
]
−
[ 1
L 0
0 1L
] 1R11 00 1R22
[ 1L 00 1L
][
λ1(t)
λ2(t)
]
+
 −ψ fL ωmxr (ti)0
 (14)
where the covector λ =
[
λ1(t) λ2(t)
]T
can be obtained by the following equation:
d
dt
[
λ1(t)
λ2(t)
]
= −
[
Q11 0
0 Q22
]([
imxq (t)
imxd (t)
]
−
[
imxq ∗(t)
imxd
∗(t)
])
−
[
−
rs
L ω
mx
r (ti)
−ωmxr (ti) −
rs
L
][
λ1(t)
λ2(t)
]
, (15)
Afterward, by using the forward Euler discretization in time, the machine voltages as the control
signals at every time step of h (where h is equal to h = ti+1 − ti) are:
UmxV (ti) = −R
−1BTK
((
M−1
[
(I + A(ti)h)XmxI (ti) + hD +
(
BR−1BTh
)
KXmxI
∗
])
−XmxI
∗
)
, (16)
that K =
[(
I + AT(ti)h
)
Q f + Qh
]
and the matrix M is equal to:
M =
 1 +
(
Q11
R11
+
(
1
h −
rs
L
)Q f 11
R11
)(
h
L
)2 Q f 22
R22
(
h
L
)2
ωMxr (ti)
−
Q f 11
R11
(
h
L
)2
ωMxr (ti) 1 +
(
Q22
R22
+
(
1
h −
rs
L
)Q f 22
R22
)(
h
L
)2
 (17)
matrix M, it is necessary to consider the conditions in which the determinant of M is greater than zero.
The determinant of M can be expressed as follows:
Det(M) =
(
1 +
(
Q11
R11
+
(
1
h −
rs
L
)Q f 11
R11
)(
h
L
)2)(
1 +
(
Q22
R22
+
(
1
h −
rs
L
)Q f 22
R22
)(
h
L
)2)
+
Q f 11
R11
Q f 22
R22
(
h
L
)4
ωMxr
2(ti) (18)
Given that the Det(M) must always be greater than zero, it is observed that h must set to be smaller
than the electric time constant of the PMSM, which is under controlled, (h < Lrs ). Therefore, since the
determinant of matrix M can always be positive, the matrix reversibility of M can be proved, and the
unique control signals are always achievable. Moreover, if the voltage vector of UmxV (t) exceed the
predetermined constraint, the rated converter voltage is replaced with the set of calculated command
to satisfy the voltage constraints.
Sustainability 2020, 12, 3943 14 of 30
4.3. Speed Predictive Control
The speed controller regulates the torque component of the current command, imxq ∗(t), by evaluating
machine acceleration and kinetic energy as the control variables. Besides, the flux producing component
of the current command, imxd
∗, is forced to zero to maximize the torque density of the traction machine [39].
Any change in the speed command or feedback, during machine acceleration or deceleration, causes
electric power oscillations in the drive system. Therefore, to ensure the speed reaches its reference
value, while the power fluctuations and speed variations are minimized, a performance index is
defined for speed regulator as follows:
JS = min
ωxr
{
1
2
∫ t f
ti
[(
XmxS
∗
−XmxS (τ)
)T
QS(τ)
(
XmxS
∗
−XmxS (τ)
)]
dτ
}
(19)
wherein this equation, XmxS (τ) =
[
ωxr (τ) Emxc (τ)
]T
, XmxS
∗ =
[
0 12 (J
mx
t )(ω
mx
r
∗(t))2
]T
and also
ωxr (τ) =
d
dt (ω
mx
r (τ)). Also Emxc is the kinetic energy, ωxr (τ) is the slope of the angular speed and
Jmxt is the total moment of inertia (i.e., the load inertia plus the machine inertia) for machine x.
With considering QS as a positive definite weighting matrix, and after simplifying Equation (19) it can
be described as follows:
JS = min
ωxr
{
1
2
∫ t f
ti
[
Q1,1S (ω
x
r (τ))
2
−ωxr (τ)
(
Q1,2S (τ) + Q
2,1
S (τ)
)
(Emxc ∗ − Emxc (τ))+
Q2,2S (τ)(E
mx
c
∗
− Emxc (τ))
2
]
dτ},
(20)
Minimizing this integral cost function concerning the speed slope of ωxr results in the optimal
speed slope as follows: Q1,1SQ1,2S (t) + Q2,1S (t)
ωxr (t) = 2Jtp2 ((ωmxr ∗(ti))2 − (ωmxr (ti))2) (21)
whereωmxr ∗(ti) andωmxr (ti) are the reference and the measured angular speeds for machine x, respectively.
If the elements of the weight matrix of QS in Equation (21) are chosen as: Q
1,2
S (t) =
2
p ∆t
2, Q2,1S (t) =
1
2TL(ti)
,
and Q2,2S being an arbitrary value, then QS is a positive definite matrix, and Equation (21) can be
rewritten as follows:
2
p
ωxr (t)TL(ti)∆t
2 =
2Jt
p2
(
(ωmxr
∗)2 − (ωmxr (ti))
2
)
(22)
By applying the PMSM mechanical equations of (6), (7), and (22) to the electrical torque equation
of (8), the torque component of stator current command can be found as follows:
imxq
∗(ti) =
8J.Jmxt
∆t2.3.p.ψ f .TmxL (ti)
(
(ωmxr
∗)2 − (ωmxr (ti))
2
)
+
8.Bm
3.p2.ψ f
ωmxr (ti) +
4
3.p.ψ f
TmxL (ti) (23)
When imxq ∗ exceeds its predetermined constraint, the rated current value is replaced with the
calculated command, and therefore, the current constraints are satisfied independently. Consequently,
the speed changes only affect the current command, and the voltage constraints are independently
limited by the current controller loop.
4.4. Torque Estimation Process
The load torque can be estimated by considering the mechanical machine model, introduced by
Equations (6) to (8), and it can be rewritten as follows:
TmxL =
3
2
p
2
ψ f .imxq (t) − J
2
p
d
dt
(ωmxr (t)) − Bm
2
p
ωmxr (t) (24)
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Then, by using the Backward Euler Approximation, as an implicit method for time discretization
of differential equations, Equation (24) can be rewritten as follows:
TmxL (ti) =
3
2
p
2
ψ f .imxq (ti) − J
2
p
(
ωmxr (ti) −ωmxr (ti−1)
h
)
− Bm
2
p
ωmxr (t), (25)
To increase the accuracy of discretization in the implementation, the parameter of TmxL is set to the
average value of its 10 previous samples as follows:
TmxL (ti) =
1
10
∑10
z=0
TmxL (ti−z) (26)
Besides, the mechanical parameters of Bm and J in Equation (25) can be calculated based on
an online estimation method proposed in [40], which does not need the aid from the nominal and
measured values of PMSM parameters. Therefore, the torque estimation procedure does not suffer
from external disturbances and the mismatching of other machine parameters.
4.5. Impacts of Constraints on the Controller Performance
If a unified MPC strategy has been designed for the proposed drive system, the three state variables
of imxd , i
mx
q and ωmxr for each PMSM have to be controlled by the two control signals of vmxd and v
mx
q .
In such circumstances, the control signals are highly dependent on the machine speed, and any change
in the speed command can cause large variations for both vmxd and v
mx
q . Then, when the speed command
changes, these control signals are continually confined to their upper and lower bounds by the defined
system constraints, and this will cause the controller to deviate from the optimal path. To overcome
this issue, most previous studies suggested that a PI controller, as a part of the cascade control process,
determined imxq command. However, in this mode, only the error between the reference and the
measured speed value reaches zero, regardless of the energy amount which is required to change the
speed, and irrespective of the appropriate speed gradient to produce proper dynamic behavior for the
machine. Therefore, the command signals may have unpredictable oscillations, and still, the controller
cannot provide the optimal path for the state variables [33].
In the described proposed MPC, the command imxq ∗ is adjusted based on the value of changes in
the speed command, and the speed gradient at each sampling interval is determined as a fraction
of maximum allowable kinetic energy. The controller serves the minimum time to reach the final
value by optimizing the speed gradient based on the designated cost function. When the calculated
speed gradient is so fast that the speed cannot reach the specified value within the very short period
of switching time, the nominal current limit will be selected, which means that the controller uses
the rated capacity of the machine. Thus, the machine will not be over-powered, and at the same
time, the speed fluctuations will be eliminated because the limitations of both kinetic energy and
winding currents are considered in the control procedure. As a result, no significant fluctuations will be
observed, and when the current command is limited by the system constraints, the resulting command
will be the best possible way to change the machine speed.
5. Simulation Studies
5.1. Proposed MMD Topology Validation
To demonstrate the capability of the planned MMD topology, the circuit models for both traction
PMSMs and power electronic converters of the MMD were implemented in the PLECS software. Then,
both the suggested model predictive control and the energy management strategy are realized in
MATLAB/Simulink software to separate the models used for the controller from the models used for
the propulsion system in the PLECS software environment. Therefore, the mathematical models used
in the control unit are different from the circuit models that also have additional nonlinearities and
non-idealities, under the verification tests. The capacity of each SC has been set to 0.33 F, with regard
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to PMSMs used in the test set-up. The specifications of both simulated PMSMs are acquired from the
“XML-SB04A series” datasheet for the PM motors of the LS Company, the ones that are used in the
experimental set-up. These specifications are reported in Table 1.
Table 1. The specifications of PMSMs 1 used in the simulation studies and the experimental set-up.
Symbol Machine Parameters Value
Prate rated power 400 Watt
Irate rated current 2.89 A
p number of poles 8
Rs stator resistance in phase 0.82 Ω
Ld = Lq stator inductances 3.66 mH
ψ f permanent magnet magnetic flux 0.0734 wb
Nsyn rated speed 3000 RPM
Trate rated torque 1.27 N·m
Tmax maximum instantaneous torque 3.82 N·m
J moment of inertia 321×10−8 Kg.m2
Bm friction coefficient 0.6× 10−6 N·m.s
1 These data are extracted from the “XML-SB04A series” datasheet of the LS Company.
The switching method of all the three converters is based on the symmetric Space Vector
Modulation (SVM) switching pattern. To create the symmetry in the switching pulses, the switching
vector of V0 is used at the beginning and end of each switching cycle, as well as the switching vector of
V7 is applied in the middle of each switching pulse. The converters ratings are also chosen based on
the test set-up, as shown in Table 2.
Table 2. The rating of converters used in the simulation studies and the experimental set-up.
Symbol Machine Parameters Value
vdcin DC side voltage 173 V
fSW switching frequency 5 KHz
RDS(on) on-mode resistance of switches 0.019 Ω
In both internal and external control loops, the parameter h is determined as h = 0.125× 10−3, and
the weighting matrices are considered as follows:
R =
[
1 0
0 1
]
, Q =
[
15 0
0 85
]
, Q f =
[
280 0
0 5800
]
, (27)
Additionally, it is assumed that ∆t in the speed controller is 0.0118 s, and the sampling frequency
for the feedback signals is 20 KHz. The typical performance of the traction machines, including torque,
power and speed variations during a running cycle, are depicted in Figure 5. Each running cycle is
executed for a period of tC in both simulation and laboratory studies of the proposed MMD system
integrated with the two SCs. The duration of tC is considered to be 1 s in the simulations. The simulated
running cycle includes the three modes of charging, voltage regulation, and discharging for the SCs, in
the four traction states of acceleration, constant speed, braking, and stop.
Figure 6 demonstrates the AC side currents of the simulated MMD system during a complete
running cycle. All currents are in per-unit (p.u.) values on a common base of 2.89 A. The AC side
currents of each S-converters, which are equal to the currents of windings in its attached OEW-PMSM,
are shown in Figure 6a,b. Besides, Figure 6c, shows the HPF converter currents when there is an angle
of δm = 1.35 radian between the rotor positions of the two machines. Through the fast acceleration
stage (0 s < t ≤ 0.15 s), both PMSMs runs with nominal currents, while the peak currents of HPF
converter reach 53.21% more than that values. After acceleration stages, machine currents are reduced
by 40% of their nominal currents, during the state of constant speed (0.4 s < t < 0.6 s).
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Figure 6. Simulation results: (a) The three-phase currents of the first PMSM that are equal to the AC
side currents of the first S-converters, (b) the three-phase currents of the second PMSM that are equal to
the AC side currents of the second S-converters, (c) the total currents both PMSMs that are equal to the
AC side currents of the HPF converter, (d) a closer look at the total PMSMs currents during transients.
All currents are shown in per-unit (p.u.) and the base value is 2.89 A (its rated value) reduced by 40%
of their nominal currents, during the state of constant speed (0.4 s < t < 0.6 s). Afterward, at t = 0.6 s
the braking stage is begun.
Sustainability 2020, 12, 3943 18 of 30
Afterward, at t = 0.6 s the braking stage is begun. To better observe the dynamic performance
of the controller, Figure 6d shows a higher resolution of the HPF converter currents in the period of
the braking stage, as well. As it can be seen, the converter currents are reversed at the start time of
the braking period, and then the recycled energy can be transferred to the SCs through the system
converters. To prevent current spikes in the machine windings, the intense jumps are eliminated from
the reference torques. Considering the variations of speeds and torques for both PMSMs, presented
in Figure 7a–d, the simulated controller is able to track the references correctly, in all predetermined
situations. The measured speed and torque variations are almost the same for the two machines since
their references are adjusted equal to each other during the simulated running cycle.Sustainability 2020, 12, x FOR PEER REVIEW 18 of 30 
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(c) and (d) The speed and the torque profiles respectively for PMSM 2. Speeds are measured in rotations
per minute (RPM), and torque is measured in p.u. value on a base of 1.27 N·m (its rated value). The red
dotted lines represent the reference values.
The instantaneous powers of the two machines, as well as the DC side currents of their connected
S-converters are shown in Figure 8. Since the DC side current of each S-converter is equal to the
current of its connected SC, the charging and discharging currents of the two SCs also can be observed
from this figure. As can be seen, during fast acceleration and motoring states, the SCs currents are
positive, which means that they are delivering supplementary energy to the drive system, resulting in
a reduction of DC current m gnitude from the main feed r. Afterwa ds, at the braking t mes, the SCs
currents ar negative as they absorb the regenerat d energi s. Therefore, as it is shown in Figure 9,
at the start of machine acceleration, the required energy is received from the main DC feeder until the
amplitude of the total required DC current reaches the predetermined limit. In this simulation study,
the limitation value is set to 0.5 p.u. Then, when the total receiving DC current is required to be more
than 0.5 p.u., the SCs provides the extra DC current, so that the starting current from the main power
supply can be restricted to the predetermined bound. Moreover, during breaking mode, when the
total DC current of the drive system is negative, the regenerative energy is recuperated to SCs through
the S-converters, and it can be used in the next ru ning cycle, during propulsion. Therefore, the main
supply system only provides the required energy of the traction machines, while the SC bank reduces
the active power fluctuations and delivers the requisite reactive power of the drive system.
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5.2. Control Dynamics Evaluation
To e aluate the validity of the d sign d MPC algorithm, it is compar d with a simple basic MPC
(SMPC) technique, in which any time limitation is not considered. In this SMPC, both amplitude and
angle of voltage vectors are changed by a certain step, at each sample time, from their minimum to
their maximum adequate values. After each vector shifting, the electrical equations are resolved for
each PMSM and the values of the state variables including imxq are determined again. Then, for all the
calculated control signals (voltage vectors), the rate of error between the calculated state variables and
their reference values is evaluated by the following cost function:
JSMPC = min
UmxV
{
Kψ
∣∣∣ imxd ∗ − imxd ∣∣∣2 + KT∣∣∣ imxq ∗ − imxq ∣∣∣2} (28)
Finally, the best voltage vectors ( UmxV ) is chosen based on the least error at that sample time,
by calculating the cost function of (28) for all possible control signals. In order to increase the accuracy,
the voltage shift step is considered to be 1% of the nominal DC voltage on the feeder side, and the angle
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shift step is assumed to be equal to one-tenth of a degree. Therefore, at each sampling time, the system
equations together with the cost function of (28) had to be resolved 36,000 times. Although this amount
of computation is very large in practice, the best possible answer for control signals can be found
by using the SMPC in order to compare the results with the proposed MPC method. Nevertheless,
it is supposed that, in the simulation environment, there is sufficient time to calculate and examine
all those control signals in one sampling time. To investigate controller performance, the simulation
results of both MPC algorithms, including speed, torque, and currents dynamics for one PMSM, are
presented in Figures 10 and 11. Given these figures, at first, the PMSM is loaded with its rated torque,
and it is observed that the speed is increased from the stop mode to its nominal value appropriately.
Then, at t = 0.1 s, a 70% step reduction occurred in the load torque. Besides, finally, at t = 0.15 s,
the speed command returns to 50% of the nominal value and the load torque returns to the nominal
value, concurrently and stepwise. With regard to Figure 10, by using the suggested MPC, the machine
torque has reached its steady state, just five milliseconds after the start-up. Then, when the torque
has a step reduction of 70% at rated speed, the output power that appears on the machine shaft could
lead to severe fluctuations in the machine speed. However, by applying proposed MPC, the machine
speed only increased by 100 RPM (3.333% of its rated value), and then the PMSM returns to the
synchronization at the new optimal rotor angle. Moreover, the electromagnetic torque has reached the
load torque at a short time, reducing undesirable machine acceleration. In this case, the controller tries
to slow the speed down rapidly by moving the machine to the braking area. Meanwhile, as the speed
approaches the specified reference speed, the controller does not impose any oscillating transient in
the presence of increased load, and the control process is well performed by selecting the appropriate
control signals at any given moment.
Sustainability 2020, 12, x FOR PEER REVIEW 20 of 30 
system equations together with the cost function of (28) had to be resolved 36,000 times. Although 
this amount of computation is very large in practice, the best possible answer for control signals can 
b  found by using the SMPC in order to compare the results with the proposed MPC method. 
Nevertheless, it is supposed that, in the simulation environment, there i  sufficient time t  calculate 
and examine all those control signals in one sampling time. To investigate controller performance, 
the simulation results of both MPC algorithms, including speed, torque, and currents dynamics for 
one PMSM, are presented in Figure 10 and Figure 11. Given these figures, at first, the PMSM is loaded 
with its rated torque, and it is observed that the speed is increased from the stop mode to its nominal 
value appropriately. Then, at t = 0.1 s, a 70% step reduction occurred in the load torque. Besides, 
finally, at t = 0.15 s, the speed command returns to 50% of the nominal value and the load torque 
returns to the nominal value, concurrently and stepwise. With regard to Figure 10, by using the 
suggested MPC, the machine orque has reached its s eady state, just fiv  milliseconds fter the start-
up. Then, when the torque as a step reduction of 70% at rated speed, the output power that appears 
on the machine shaft could lead to severe fluctuations in the machine speed. However, by applying 
proposed MPC, the machine speed only increased by 100 RPM (3.333% of its rated value), and then 
the PMSM returns to the synchronization at the new optimal rotor angle. Moreover, the 
electromagnetic torque has reached the load torque at a short time, reducing undesirable machine 
acceleration. In this case, the controller tries to slow the speed down rapidly by moving the machine 
to the braking area. Meanwhile, as the speed approaches the specified reference speed, the controller 
does not impos  any oscillating transient in the presence of increased load, and the control process is 
well performed by selecting th  appropriate control signals at any given moment.  
 
 
(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
Figure 10. Simulation results. The parameters of simulated PMSM controlled by the proposed MPC, 
during a 0.25 second course: (a) The speed, (b) the torque, (c) three phase currents of windings. In 
addition, parameters variations when the reference signals have shift steps in their values, at t = 0.1 
and t = 0.15 second: (d) The speed variations, (e) the torque variations, (f) the currents variations. In 
this figure, all red dotted lines are the reference signals. 
Figure 10. Simulation results. The parameter f i ulated PMSM controlled by the proposed MPC,
during a 0.25 s course: (a) The speed, (b) the torque, (c) three phase currents of windings. In addition,
parameters variations when the reference signals have shift steps in their values, at t = 0.1 and t = 0.15 s:
(d) The speed variations, (e) the torque variations, (f) the currents variations. In this figure, all red
dotted lines are the reference signals.
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By comparing Figures 10 and 11, it is noticed that there is almost no difference between the dynamic
behaviors of SMPC and the proposed MPC, and therefore suggested MPC can track the reference
trajectory with high dynamic accuracy. For a more accurate comparison between the performance of
the two MPC methods, a performance index based on the integral square error (ISE) of the machine
speed is defined as follows:
ISE =
∑(
ωre f −ωr
)2
∆t (29)
Next, the ISE, as well as the harmonics index of machine currents, which is based on their total
harmonics distortions (THD), are checked for the two MPC algorithms. Considering the results of
these comparisons presented in Table 3, it is perceived that the results of suggested MPC are almost
the same as the SMPC at different speeds, which means that the performance and the robustness of
proposed MPC are as strong as those of SMPC. Since in the SMPC, the whole vector state space is
repeatedly calculated and evaluated, the required time to produce control signals is very high, whereas,
the proposed metho can be considered as a fast and real-time control procedure for the designed
PMSMs drive system. It is also obvious that the reduction of the calculated optimal slope is perfectly
proportional to the speed rate at which the machine speed approaches its nominal value. Furthermore,
these simulation results show that the proposed model-based s ee control can provide improved
closed-loop performance as well as it can yield a fast res onse with small overshoots in both torque
and speed tracking, simultaneously. Besides, as the suggested control laws are achieved by a simple
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and fast implementation, the controller has also been minimal in terms of memory allocation during
simulation studies.
Table 3. The result comparisons between proposed MPC and SMPC, attained based on defined
performance index of speed and currents THDs.
Speed Proposed MPC SMPC
1500 RPM
THD = 1.88 THD = 1.9
ISE = 0.0056 ISE = 0.155
3000 RPM
THD = 1.9 THD = 1.9
ISE = 0.0598 ISE = 0.0612
6. Experimental Setup
To evaluate the control performance of the proposed approach during the braking and acceleration
transients, and to verify the power flow control and energy management strategies, a scaled prototype
of the proposed hybrid ES based propulsion system was designed and manufactured, as shown in
Figure 12.
Sustainability 2020, 12, x FOR PEER REVIEW 22 of 30 
overshoots in both torque and speed tracking, simultaneously. Besides, as the suggested control laws 
are achieved by a simple and fast implementation, the controller has also been minimal in terms of 
memory allocation during simulation studies. 
able 3.  l  i      , i    fi  
f r  i e  f s ee  a  c rrents T s. 
Speed Prop sed MPC SMPC 
1500 RPM 
THD = 1.88 
ISE = 0.0056 
THD = 1.9 
ISE = 0.155 
3000 RPM 
THD = 1.9 
ISE = 0.0598 
THD = 1.9 
ISE = 0.0612 
.   
o evaluate the control performance of the pro osed app oach du ing the braking and 
acceleration transi nts, and to verify the power flow control and energy management strategies, a 
scaled prototype of the proposed hybrid ES based propulsio  system was esigned and 
manufactured, as shown in Figure 12.  
 
 
Figure 12. The picture of manufactured experimental setup for verifying proposed system topology. 
The N-channel 500 V, 23 A, 245 mΩ static drain-source on resistance, 23′N50′′E power MOSFETs 
were used to implement the three VSI with a three-phase bridge configuration, as well as the BDC 
and SVR circuit boards for the prototype MMD system. Both PMSMs used in the prototype system 
are the PM-motors provided by the LS Company with the type of XML-SB04A, that each of them 
holds a self-contained encoder module. The specifications of PMSMs have been reported in Table 1. 
The shaft of each PMSM was also coupled to a DC generator as a controllable load, and a torque 
meter was used to set the machines torques manually. The electrical parameters of the set-up power 
circuit are presented in Table 4. The control algorithms, as well as the power and the energy 
management strategies, were uploaded on a TI LaunchXL-F28379D development kit. This DSP board 
facilitates communication with the programming computer, many direct connections with the analog 
input signals coming from the interfacing boards, and also many logical outputs to the gate’s optical 
isolators of the semiconductor switches.   
i re 12. e ict re f a fact re ex eri e tal set f r erif i r se s ste t l .
The N-channel 500 V, 23 A, 245 mΩ static drain-source on resistance, 23′N50′′E power MOSFETs
were used to implement the three VSI with a three-phase bridge configuration, as well as the BDC
and SVR circuit boards for the prototype MMD system. Both PMSMs used in the prototype system
are the PM-motors provided by the LS Company with the type of XML-SB04A, that each of them
holds a self-contained encoder module. The specifications of PMSMs have been reported in Table 1.
The shaft of each PMSM was also coupled to a DC generator as a controllable load, and a torque meter
was used to set the machines torques manually. The electrical parameters of the set-up power circuit
are presented in Table 4. The control algorithms, as well as the power and the energy management
strategies, were uploaded on a TI LaunchXL-F28379D development kit. This DSP board facilitates
communication with the programming computer, many direct connections with the analog input
signals coming from the interfacing boards, and also many logical outputs to the gate’s optical isolators
of the semiconductor switches.
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Table 4. Electrical parameters of the implemented MMD.
Symbol Parameters Value
vdcin input feeder voltage 173 V
vdcc common DC-link voltage 170 V
vsc1 and v
sc
2 SCs voltage variations 90 V to 250 V
vBt battery bank terminal voltage 85 V
LBDCs and L
SVR
s BDC and SVR inductors 1.3 m.H
fSW switching frequency 5 KHz
Then, several tests were performed using this manufactured prototype system as follows:
In the first test, while both machines were rotating at the constant speed of 1000 RPM (rotations
per minute) with a positive torque of 0.5 N·m, as the load inertia, the reference speed was changed as a
step to 0 RPM, and then after stopping, it returned to the previous value of 1000 RPM, with a negative
torque of 0.5 N·m. Figure 13a,b shows the machine’s currents during such stop and start situations.
It can be observed that this process was done very quickly and smoothly without any overcurrent or
severe transients since the controller was able to track the reference currents for both machines, and
the current constraints were satisfied in full. Therefore, the winding voltages was distributed between
the S-converters and the HPF converter sufficiently for both machines.Sustainability 2020, 12, x FOR PEER REVIEW 24 of 30 
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In the second test, the performance of the suggested MMD was assessed by the set-up system,
during fast acceleration state (startup), and under the nominal load torque of the machines. Figure 14a,
shows the currents of PMSM 1 in this period, and the DC side current of its connected S-converter is
also depicted as beige color in Figure 14b. It can be seen that, at first, the feeder current was almost
zero and the SC bank delivered the required energy to the drive system. Then, after the initial starting
transients, the main feeder current increased slowly and the SCs current reduced. Note that this figure
only represents the current of one S-converter and the equivalent DC current of SC bank is twice this
current. Therefore, the starting current from the input feeder was limited in the fast acceleration period.
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In the third test, the process of absorbing the regenerated energy at braking times was investigated.
Both machine currents and the SC bank voltage of PMSM 1 can be seen in Figure 15a,b, for this duration.
It can be observed that since the regenerative energy was recuperated to SCs through its connected
S-converters, the DC voltage of this SC bank increased relative to the machine currents reduction.
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The final test presented in this section is for evaluating the UPS functionality of the proposed
propulsion systems, as the results are shown in Figure 16b. After the input power outage, the currents of
both machines had some transient, although under 10% in worst-case conditions. Moreover, the voltage
of common DC-link had also such a transient, however, in a very short period of time within one
second at the full load, as can be seen in 16 a. The SCs aid in this duration caused an effective action,
which resulted in the reduction of this transient time and the voltage variation in the common DC link.
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new model-based optimal control has been developed and implemented on the proposed drive 
system. The designed MPC based controller is constrained, and the control signals are obtained as 
linear functions from the feedback states. Mathematical analyses, as well as simulation and 
experimental studies, have been presented, and the results show that the computation time of 
proposed MPC has been significantly reduced, providing the possibility for controlling the drive 
system with a low-cost microcontroller. Moreover, the outcomes of these studies verify the usability 
of onboard SCs, integrated with the suggested multi-motor drive system for the suggested system 
having two OEW-PMSMs. Since the improvement of train propulsion system by these suggestions 
can lead to a reduction in peak power demand, railway companies can increase the distance between 
the electric train power-substations, especially for future plans. Therefore, not only can the proposed 
traction drive restructuring improve the reliability and stability of electrified railway tractions under 
power system disturbances, but it can assist in the sustainable railroad developments.  
Author Contributions: All authors have worked on this manuscript together and all authors have read and 
approved the final manuscript. Conceptualization, formal analysis and methodology as well as software and 
experimental validation H. M. Pirouz; Review, editing and supervision A. Hajizadeh.  
Funding:  This research received no external funding. 
Conflicts of Interest: The authors declare no conflict of interest. 
Appendix A 
This section presents the list of all acronyms used in the text, as follows: 
Ac Alternating Current 
i r . eri e t l res lts. e i esti ati f f cti f t e r t t e s ste er t e
lt t iti i t i t f r: ( ) rr t f , ( ) lt f t
li l color) and input fe der (chan el 1—the beige col r), as well as currents of
SC bank 1 (channel 2—the cyan color) and battery bank (channel 3—the pur le color).
7. Conclusions
This research provided a new railway propulsion system with uninterruptible power supply
functionality, which employs hybrid energy storage to ensure the safety of train traffic and stable
power supplying of onboard emergency equipment. The proposed approach can also eliminate the
power fluctuations in the onboard electric power systems during different operating conditions, as it
is essential for the reliable and continuous functioning of the electrified railway tractions. Besides,
an innovative multi-motor drive topology has been suggested that can be considered as an effective
solution for reducing peak current of the main DC supply, and decreasing voltage fluctuations of
supplying DC bus, on feeder side of the electrified train, in accelerating and braking regimes. Although
this topology needs added space and investment for the additional installation, it allows avoiding
high economic and social costs of unpredicted service interruptions and promotes environmental
sustainability by improving energy efficiency. In addition to the circuit structure, a new model-based
optimal control has been developed and implemented on the proposed drive system. The designed
MPC based controller is constrained, and the control signals are obtained as linear functions from the
feedback states. Mathematical analyses, as well as simulation and experimental studies, have been
presented, and the results show that the computation time of proposed MPC has been significantly
reduced, providing the possibility for controlling the drive system with a low-cost microcontroller.
Moreover, the outcomes of these studies verify the usability of onboard SCs, integrated with the
suggested multi-motor drive system for the suggested system having two OEW-PMSMs. Since the
improvement of train propulsion system by these suggestions can lead to a reduction in peak power
demand, railway companies can increase the distance between the electric train power-substations,
especially for future plans. Therefore, not only can the proposed traction drive restructuring improve
the reliability and stability of electrified railway tractions under power system disturbances, but it can
assist in the sustainable railroad developments.
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Appendix A
This section presents the list of all acronyms used in the text, as follows:
Ac Alternating Current
BDC Bidirectional DC-DC Converter
DAB Dual-Active-Bridge
DC Direct Current
DEMU Diesel-Electric Multiple Unit
ES Energy Storage
ET Electric Trains and Trams
F-Converter Feeder Side Connected Converter
HPF High-Power Feeder Side Connected
IM Induction Machine
ISE Integral Square Error
MMD Multi-Machine Drive
MPC Model Predictive Control
OEW Open-End Winding
PMSM Permanent Magnet Synchronous Machin
PWM Pulse Width Modulation
SC Super Capacitor
S-Converter Storages side connected Converter
SMPC Simple basic Model Predictive Control
SVM Space Vector Modulation
SVR Supercapacitors Voltage Regulator
THD Total Harmonics Distortions
UPS Uninterruptible Power Supplies
VD Voltage Divider
VSI Voltage Source Inverter
Appendix B
This section presents the algorithm which is used for solving the optimization problem in this
paper based on the Pontryagin maximum principle [38].
Suppose that the nonlinear model of the system, which is going to be controlled around an
operating point at the moment ti, is linearized by using Taylor’s series expansion as follows:
Xˆ• (t) = f(X(t),(t),t) = A(
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This section presents the algorithm which is used for solving the optimization problem in this 
paper based on the Pontryagin maximum principle [38].  
Suppose that the nonlinear model of the system, which is going to be controlled around an 
operating point at the moment 𝑡 , is linearized by using Taylor's series expansion as follows: 
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 X_min ≤X(t) ≤X_max (A2) 
U_min≤U(t) ≤U_max, (A3) 
in which, 𝑋(𝑡) and 𝑈(𝑡)  are the machine state vector and system input vector, respectively. 
Moreover, 𝐴(𝑋(𝑡 ), 𝑡 ) is the state matrix, 𝐵(𝑡 ) is the input matrix and 𝐷(𝑋(𝑡 ), 𝑡 ) is the matrix of 
constant statements caused by linearization and uncontrollable inputs, all at 𝑡 . Then, in order for the 
expressed control system of (25) to be able to get to the optimal conditions from the current situation, 
a performance index is considered as follows: 𝒥 = 𝑀𝑖𝑛 12 𝑆 𝑋∗, 𝑋(𝑡 ) + 𝑉(𝑋(𝜏), 𝑋∗, 𝜏)𝑑𝜏 , (A4) 
where 𝑋∗ is the desired state-vector at the end of the predictive horizon (at time 𝑡 ) and 𝑋(𝑡 ) is the 
state-vector at 𝑡 . The terminal function of 𝑆 𝑋∗, 𝑋(𝑡 )  is to minimize the terminal state error and 
the integral function of 𝑉(𝑋(𝑡), 𝑋∗, 𝑡) is to optimize the tracking path. Based on the purpose of the 
performance index, the functions of S and V are defined as follows: 𝑆 = 𝑋 𝑡 − 𝑋∗ 𝑄 𝑋 𝑡 − 𝑋∗ , (A5) 𝑉 = (𝑋(𝑡) − 𝑋∗) 𝑄(𝑋(𝑡) − 𝑋∗) + 𝑈 (𝑡)𝑅𝑈(𝑡), (A6) 
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X_min ≤ X(t) ≤ X_max (A2)
U_min ≤ U(t) ≤ U_max, (A3)
in which, X(t) and U(t) are the machine state vector and system input vector, respectively. Moreover,
A(X(ti), ti) is the state matrix, B(ti) is the input matrix and D(X(ti), ti) is the matrix of constant
statements caused by linearization and uncontrollable inputs, all at ti. Then, in order for the expressed
control system of (25) to be able to get to the optimal conditions from the current situation, a performance
index is considered as follows:
J = Min
1
2
[
S
(
X∗, X
(
t f
)
+
∫ t f
ti
V(X(τ), X∗, τ)dτ
]
, (A4)
where X∗ is the desired state-vector at the end of the predictive horizon (at time t f ) and X
(
t f
)
is the
state-vector at t f . The terminal function of S
(
X∗, X
(
t f
))
is to minimize the terminal state error and
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the integral function of V(X(t), X∗, t) is to optimize the tracking path. Based on the purpose of the
performance index, the functions of S and V are defined as follows:
S =
(
X
(
t f
)
−X∗
)T
Q f
(
X
(
t f
)
−X∗
)
, (A5)
V = (X(t) −X∗)TQ(X(t) −X∗) + UT(t)RU(t), (A6)
where Q f ≥ 0, Q ≥ 0 and R > 0 are positive weighting matrices. By using the definitions of S and V,
the Pontryagin H function can be obtained in the optimal conditions, as follows:
H = V(X(t), X∗, t) + λT(t)( f (X(t), U(t), t)) , (A7)
in which λ(t) is a quasi-state variable vector with dimensions equal to the state vector X(t). According
to the Pontryagin maximum principle, the optimality requirements are:
X(t) =
∂H(X∗, X(t), U(t), t)
∂λ(t)
, (A8)
λ(t) = −
∂H(X∗, X(t), U(t), t)
∂X(t)
, (A9)
0 =
∂H(X∗, X(t), U(t), t)
∂U(t)
, (A10)
and the boundary conditions in these equations are:
X(ti) = Xti , (A11)
λ
(
t f
)
=
(
∂S(X∗, X(t))
∂X(t)
)
t f
= Q f
(
X
(
t f
)
−X∗
)
, (A12)
By substituting Equations (A2)–(A4), (A6) and (A7) into Equation (A8), and then applying the
necessary optimality requirements of Equations (A9)–(A11), the first-order state-space equations of the
system can be found as follows:
X(t) = A(X(ti))X(t) − BR−1BTλ(t) + D(X(ti), ti), (A13)
λ(t) = −Q(X(t) −X∗) −AT(X(ti))λ(t), (A14)
In order to calculate the control signal, Equations (A14) and (A15) can be approximated by the
forward Euler method. Then it is as follows:
X(ti + 1) −X(ti)
h
= A(X(ti))X(t) − BR−1BTλ(t) + D(X(ti), ti), (A15)
λ(ti + 1) − λ(ti)
h
= −Q(X(t) −X∗) −AT(X(ti))λ(t), (A16)
that h must be considered small enough to approximate the derivatives well. After simplifying and
considering K1 = (I + A(X(ti))h) and K2 = BR−1BTh, predicted value for the state vector at the end of
the sampling interval is as follows:
X(ti + 1) = K1X(ti) −K2λ(ti) + hD(X(ti), ti), (A17)
In addition, the value of quasi-state variable vector at the beginning of the sampling interval is
as follows:
λ(ti) =
[(
I + AT(X(ti))h
)
Q f + Qh
]
(X(ti + 1) −X∗), (A18)
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where I is an identity matrix. Considering the quasi-state boundary conditions and assuming t f = ti + 1,
the Equation (A19) can be rewritten as follows:
λ(ti + 1 ) = Q f (X(ti + 1 ) −X∗), (A19)
By substituting Equations (A18) and (A20) into Equation (A19), λ(ti) will be:
λ(ti) = K4
((
M−1[K1X(ti) + hD(X(ti), ti) + K2K4X∗]
)
−X∗
)
, (A20)
in which K3, K4 and M are equal to:
K3 =
(
I + AT(X(ti))h
)
, (A21)
K4 =
[(
I + AT(X(ti))h
)
Q f + Qh
]
=
[
K3Q f + Qh
]
, (A22)
M = I + K2K4, (A23)
Since from Equations (A9)–(A11), it will find that U(t) = −R−1BTλ(t), and by having the value of
λ(ti), the control signal will be obtained as follows:
U(ti) = −R−1BTK4
((
M−1[K1X(ti) + hD(X(ti), ti) + K2K4X∗]
)
−X∗
)
, (A24)
If assuming:
F(X(ti)) = −R−1BTK4M−1K1, (A25)
G(X(ti)) = −R−1BTK4M−1(hD(X(ti), ti) + K2K4X∗) + R−1BTK4X∗, (A26)
then the resulting control signal can be summarized as follows:
U(ti) = F(X(ti))X(ti) + G(X(ti)) (A27)
By examining Equation (A12), it can be observed that the calculation of control signal can be done
offline, and therefore, online calculations can be done very fast, because after receiving state feedback
and knowing the value of F and G, the value of U(ti) can be calculated straightforwardly.
Based on the above process, the algorithm of generating control signal can be summarized
as follows:
• First, obtaining the linear state-space model for the desired system.
• Second, defining a performance index based on the purpose of the control system.
• Third, finding the Pontryagin H function based on the performance index and system model.
• Fourth, attaining the optimality requirements, in accordance with the Pontryagin
maximum principle.
• Fifth, applying the forward Euler method to derivative approximation for the first-order equations
obtained in Step 4.
• Sixth, adding boundary conditions to the obtained equations (in this case, it is assumed that
t f = ti + 1 and the terminal error in the next step will go to zero).
• Seventh, finding the predicted state variable (X(ti + 1)) and quasi-state variable vectors (λ(ti)).
• Eighth, achieving offline equations of control signals, based on predicted state and
quasi-state vectors.
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